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External bonding of FRP plates or sheets has emerged as a popular method for strengthening reinforced concrete. Deb-
onding along the FRP–concrete interface can lead to premature failure of the structure. In this study, a bond-slip model is
established to study the interface debonding induced by a ﬂexural crack in a FRP-plated concrete beam. The reinforced
concrete beam and FRP plate are modeled as two linearly elastic Euler–Bernoulli beams bonded together through a thin
layer of FRP–concrete interface. The interface layer is essentially modeled as a large fracture processing zone of which the
stress–deformation relationship is described by a nonlinear bond-slip model. Three diﬀerent bond-slip models (bi-linear,
triangular and linear-damaging) are used. By dividing the debonding process into several stages, governing equations of
interfacial shear and normal stresses are obtained. Closed-form solutions are then obtained for the interfacial shear and
normal stresses and the deﬂection of the beam in each stage of debonding. In such a way, the proposed model uniﬁes
the whole debonding process, including elastic deformation, debonding initiation and growth, into one model. With such
a superior feature, the proposed model provides an eﬃcient and eﬀective analytical tool to study FRP–concrete interface
debonding.
 2006 Elsevier Ltd. All rights reserved.
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External bonding of FRP plates or sheets has emerged as a popular method for strengthening conventional
materials such as reinforced concrete (Saadatmanesh and Ehsani, 1991). The interface between FRP and con-
crete plays a critical role in this strengthening method by providing eﬀective stress transfer from the existing
structures to externally bonded FRP plates or sheets and keeping integrity and durability of the composite
performance of FRP–concrete structures. Debonding along the FRP–concrete interface can lead to premature
failure of structures. Here, FRP–concrete interface refers to a thin layer of adhesive and the adjacent concrete
within which the relative deformation between FRP and concrete mainly happens as revealed by experiment0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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6650 J. Wang / International Journal of Solids and Structures 43 (2006) 6649–6664study (Yuan et al., 2004). Therefore, proper characterization and modeling the debonding of FRP–concrete
interface have to be done before this technique can be commonly accepted in practice.
FRP–concrete interfacial debonding can be generally classiﬁed into two major types (Teng et al., 2003):
plate end debonding and intermediate crack-induced debonding (IC debonding). The former debonding mode
has been studied extensively in the last decades (Roberts and Haji-Kazemi, 1989; Malek et al., 1998; Smith and
Teng, 2001; Rasheed and Pervaiz, 2002); while only a few studies have been conducted on the latter mode. Wu
et al. (1997) took an experimental and numerical combined approach to study IC debonding. They tested a
plain concrete beam reinforced by FRP plate under three-point bending load on which a mid-span notch
was created to simulate a mid-span crack. Later, they (Yuan et al., 2001) also developed a fracture mechanics
based model to analyze IC debonding. The signiﬁcance of IC debonding was examined experimentally by
Sebastian (2001). In this study, a qualitatively shear stress distribution along the FRP–concrete interface
was obtained based on test data and physical arguments which shows that interface shear stress predicted
by elementary composite beam model is erroneous. Therefore, Sebastian (2001) suggested that a bond-slip
analysis must be used to analyze IC debonding. To provide quantitative shear stress distribution around inter-
mediate crack, Leung (2001) developed a linear bond-slip analysis of IC debonding, in which a linear elastic
model was used to model the FRP–concrete interface. This linear elastic model of interface was also adopted
by others (Neubauer and Rostasy, 1999; Rabinovitch and Frostig, 2001; Lau et al., 2001) in studying cracked
concrete beam ﬂexurally reinforced by FRP composite. A strength model of IC debonding was proposed by
Teng et al. (2003) recently.
Although linear elastic model is used conveniently in the literature to model IC debonding, experimental
studies have shown that the real stress deformation relationship of FRP–concrete interface is nonlinear (Cha-
jes et al., 1995, 1996; Bizindavyi and Neale, 1999; Dai et al., 2005; Yao et al., 2005). The stress deformation
relationship is generally referred to as bond-slip law in the literature since the deformation of the interface is
mainly the relative displacement (slip) between the FRP plate and the reinforced concrete beam (RC beam).
Generally, this nonlinear relationship consists of two stages: an initially elastic stage in which the interfacial
stress increases with deformation of interface until reaches a maximum value, and a softening stage in which
interfacial stress decreases with the deformation of interface. The existing solutions of IC debonding failed to
consider the softening stage of interface and therefore, are limited to elastic analysis and cannot be used to
simulate debonding growth. By considering a nonlinear bond-slip law, it is possible to model the whole deb-
onding process of FRP–concrete interface as demonstrated recently by Yuan et al. (2004) on single-lag spec-
imen analysis.
It should be pointed out that a cohesive zone model (CZM) of interfacial debonding is essentially estab-
lished if a nonlinear bond-slip law is used in the analytical model. Cohesive zone model (CZM) pioneered
by Dugdale (1960) and Barenblatt (1962) is gaining more and more attentions and popularities nowadays
in modeling fracture process with large-scale fracture processing zone. In CZM, the locally damaged materials
forming a narrow band of localized deformation may be modeled by nonlinear springs which represent the
major physical variables. It is quite obvious that the FRP–concrete interface within which the relative slip
between FRP and concrete mainly happens is essentially a larger fracture processing zone (cohesive zone).
The nonlinear bond-slip law is essentially the cohesive law of this zone. Compared with the single-parameter
fracture approach of linear elastic fracture mechanics, which ignores the microscopic details and discloses little
of what happens within the damage zone, the CZM takes the behavior of fracture processing zone into con-
sideration and provides a way to examine the ‘‘inner problem’’ of understanding, characterizing and modeling
the failure processes that actually lead to energy dissipation. What is more, the CZM uniﬁes the crack initi-
ation and growth into one model.
Existing analytical solutions of CZM on interfacial debonding are limited to simple single-lag shear spec-
imen (Triantaﬁllou and Plevris, 1992; Taljsten, 1996, 1997; Yuan et al., 2001; Wu et al., 2002; Yuan et al.,
2004). To eﬃciently simulate and better understand the IC debonding behavior, a cohesive zone model was
developed recently by Wang (in press). Closed-form solutions of interfacial stress and ultimate load at which
interfacial debonding initiates and propagates were obtained (Wang, in press). However, the solutions of
Wang (in press) were limited to a special condition, i.e., the ﬂexural crack is located at the mid-span and load-
ing is symmetric. The whole debonding process was not presented in (Wang, in press) either. Therefore, in this
study, a general situation is considered, i.e., the ﬂexural crack position is arbitrary. The whole interface
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I of this study, analytically solutions of interfacial stresses and deﬂection of the RC beams are obtained by
using a nonlinear bond-slip model. Numerical results and parametric studies are presented in the companion
Part II paper.
2. Cohesive zone model for IC debonding
2.1. Bi-beam system
Consider a simply-supported reinforced concrete beam (RC beam) reinforced by an FRP plate subjected to
pointed loads and/or uniform distributed load, as shown in Fig. 1(a). To simplify the analysis, only a ﬂexural
crack existing at a random location of the RC beam is considered (to the left-side of the mid-span in this
study). The geometry and the cross-section of the plated beam are shown in Fig. 1(a). Similar to the many
other researchers (Roberts and Haji-Kazemi, 1989; Malek et al., 1998; Smith and Teng, 2001; Rasheed and
Pervaiz, 2002), both the RC beam and FRP plate are modeled as linear elastic Euler–Bernoulli beams (beams
1 and 2 in Fig. 1, respectively). Therefore, the constitutive laws for these two beams readFig. 1. Interfacial debonding process of an FRP-plated beam.
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where Ni andMi are axial forces and bending moments of beam i (i = 1,2), respectively; ui and wi are axial and
vertical displacements of beam i (i = 1,2), respectively; Ci and Di are axial and bending stiﬀnesses of beam i
(i = 1,2), respectively, and Ci = Eibihi, Di = EiIi; Ei is the Young’s modulus of beam i (i = 1,2); bi and hi are
width and height of beam i (i = 1,2); Ii is the moment of inertia of the beam i.
It should be pointed out that such a model is a simpliﬁcation of a real FRP-plated RC beam in which the
RC beam is not strictly linearly elastic and there are usually more than one ﬂexural cracks existing. Neverthe-
less, the model in this study allows us to obtain simple closed-form solutions of IC debonding which can be
extended to more general cases, such as multiple-cracked beams. New lights can also be shed on the IC deb-
onding process and the signiﬁcant eﬀect of bond-slip on IC debonding.
The ﬂexural crack introduces local ﬂexibility at the crack location and is conventionally modeled as a rota-
tional spring with inﬁnitesimal thickness at the crack location (Fig. 1(b)). For plain concrete beam, if the depth
of the crack is known, the rotational stiﬀness of the spring Kr can be estimated by (Paipetis and Dimarogonas,
1986)Kr ¼ cða; h1ÞD1 ð2Þ
where h1 and a are the thickness of the beam, the depth of the crack, respectively; D1 is the bending stiﬀness of
concrete beam deﬁned before; and c(a,h1) is determined by the crack geometry. Based on fracture mechanics
principle, for example, c(a,h1) can be approximated for a/h1 < 0.6 as (Paipetis and Dimarogonas, 1986)cða; h1Þ ¼ 1
5:346h1
1:8624
a
h1
 2
 3:95 a
h1
 3
þ 16:375 a
h1
 4
 37:226 a
h1
 5
þ 76:81 a
h1
 6 
126:9 a
h1
 7
þ 172 a
h1
 8
 143:97 a
h1
 9
þ 66:56 a
h1
 10!1
ð3ÞHowever, it is diﬃcult to obtain an explicit expression of Kr for RC beam due to the existence of steel bars. In
such a case, a trial-and-error method proposed by Rabinovitch and Frostig (2001) has to be used. Considering
the free body diagram of Fig. 1(c), equilibrium equations in axial direction and bending moment can be ob-
tained asdN 1
dx
¼ b2s dN 2
dx
¼ b2s ð4aÞ
dM1
dx
¼ Q1 þ b2sY 1
dM2
dx
¼ Q2 þ b2sY 2 ð4bÞ
dQ1
dx
¼ b2r q dQ2
dx
¼ b2r ð4cÞ
M ¼ M1 þM2 þ N 2ðY 1 þ Y 2Þ ð4dÞ
where s and r are the interfacial shear and normal stresses, respectively; Y1 and Y2 are the distances from the
bottom of beam 1 and the top of beam 2 to their respective neutral axis.
Beam 2 is bonded to beam 1 through the FRP–concrete interface (adhesive) layer which is modeled as a
large fracture processing zone with a nonlinear bond-slip law as demonstrated in many experimental studies
(Chajes et al., 1995, 1996; Bizindavyi and Neale, 1999; Dai et al., 2005; Yao et al., 2005). Experiments (Nak-
aba et al., 2001; Wu and Yin, 2003) have shown that a bi-linear bond-slip relationship in Fig. 2(a) is a good
approximation of this nonlinear relationship. In Fig. 2(a), the bond-slip law has three segments: (1) elastic
stage when jsj 6 sf or jdj 6 d1: stress increases linearly with slip; (2) softening (damaging) stage when
d1 < jdj 6 df: stress decreases linearly with slip; and (3) debonding stage when df 6 jdj: stress is zero and
FRP is separated from concrete beam. This nonlinear relationship can be described by the following
equation:
ab
c
δf
τf
τ
Gf
-Kf
δ-δ f
-τf
δf
τf
τ
Gf
Kf
δ-δf
-τf
δfδ1
τf
τ
Gf
Kb
-δ1 δ-δf
-τf
Fig. 2. Bond-slip laws: (a) bi-linear law; (b) triangular law; (c) linear-damaging law.
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0 d < df
 df þ d
df  d1 sf df 6 d < d1
d
d1
sf d1 6 d < d1
df  d
df  d1 sf d1 6 d < df
0 df 6 d
8>>>>>><
>>>>>>:
ð5Þwhere d is the slip along the interface (relative axial displacement of the top of the FRP plate and the bottom
of RC beam) and given byd ¼ ðu1  Y 1w01  u2  Y 2w02Þ ð6ÞFrom the point of view of CZM, such a nonlinear relationship given by Eq. (5) is a material property of the
FRP–concrete interface. sf and df are the shear strength and the separation slip of the interface, respectively;
Kb = sf/d1 is the initial elastic stiﬀness of the FRP–concrete interface; and the area under the curve is the frac-
ture energy Gf which can be calculated by
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Z df
0
sdd ¼ 1
2
dfsf ð7ÞBesides the above bi-linear law, two other bond-slip laws shown in Fig. 2 used widely in cohesive fracture anal-
ysis are also examined in this study. Triangular bond-slip law (Fig. 2) is essentially obtained by neglecting the
softening stage of the bi-linear law (d1 = df) and given bys ¼
0 d < df
d
df
sf df 6 d < df
0 df 6 d
8><
>>: ð8ÞOn the other hand, if we neglect the initial elastic stage in the bi-linear model, the linear damaging model
(Fig. 2(c)) which used by many other researchers (Crisfeld and Willis, 1988; Suo et al., 1992) is introduced
and described bys ¼
0 d < df
 df þ d
df
sf df 6 d < 0
df  d
df
sf 0 6 d < df
0 df 6 d
8>>>><
>>>>:
ð9ÞObviously, the latter two bond-slip laws can be treated as simpliﬁcations of the bi-linear bond-slip law in the
case that the elastic segment or softening segment of the bond-slip law is negligible.
The above bond-slip models simplify that the shear stress is constant along the thickness direction within
the interface layer which is a simpliﬁcation of complex stress variation of the interface stresses in that direc-
tion. By using a high-order theory, Rabinovitch and Frostig (2001) were able to account for this variation of
stresses in the thickness direction of the interface layer.
2.2. Debonding process analysis with bi-linear bond-slip model
Under external load, interfacial shear stress is developed along the FRP–concrete interface. Debonding ini-
tiates along the interface if the applied load is high enough and propagates along the interface which leads to
the premature failure of the plated beam. In Fig. 1(b), the whole FRP–concrete interface is divided into two
portions by the ﬂexural crack. For the convenience of discussion, we refer to the portion of the interface to the
left-side of the crack as left interface and the other portion as right interface. Considering a bi-linear bond-slip
model, the debonding process of a FRP-plated RC beam can be described by following diﬀerent stages. (a)
Elastic–Elastic (E–E) stage (Fig. 1(d)): due to the crack tip opening induced by the ﬂexural crack, there exists
a ﬁnite slip between the FRP plate and the RC beam at the location of the ﬂexural crack. Stress concentration
is introduced by this slip at the vicinity of the crack. In this stage, the maximum interfacial shear stress s is
lower than the shear strength of the interface sf and therefore, both the left and right interfaces are in elastic
stage. The interfacial shear stress distribution at this stage can be sketched as shown in Fig. 1(d). Noting that
the location of the crack is random, the interfacial shear stress distributions to the both sides of the crack are
not symmetric. The maximum interfacial shear stress of one side (assuming left-side in this study) is greater
than that of the other side (right). (b) Elastic–Softening–Elastic (E–S–E) stage (Fig. 1(e)): if we increase the
load, the maximum interfacial shear stress of the left interface) increases too and reaches shear strength sf
while the maximum shear stress of the right interface is still below sf. In this stage, part of the left interface
enters the softening stage and two diﬀerent regions, i.e., elastic zone I and softening zone II exist on the left
interface. The right interface is still in elastic stage and only one elastic zone III appears on it (Fig. 1(e)). (c)
Elastic–Softening–Softening–Elastic (E–S–S–E) stage (Fig. 1(f)): if load is increased further, the maximum
shear stress of the right interface also reaches sf. In such a case, the right interface has two regions, i.e., soft-
ening zone III an elastic zone IV as shown in Fig. 1(f). Same as in the E–S–E stage, two regions exist on the left
interface, i.e., elastic zone I and softening zone II. (d) Elastic–Softening–Debonded–Softening–Elastic (E–S–
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facial shear stress reduces to zero and debonding initiates and grows along the left interface as assumed before.
As a result, there are three diﬀerent zones exist on the left interface, i.e., elastic zone I, softening zone II and
debonded zone III; while on the right interface, there are two diﬀerent zones, i.e., softening zone IV and elastic
zone V, exist as shown in Fig. 1(g). (e) Softening–Debonded–Softening–Elastic (S–D–S–E) stage (Fig. 1(h)):
once the debonding propagates near to the left end of the FRP plate, the interfacial slip of the whole left inter-
face is greater than d1 and thus no elastic zone exists on this side. Four diﬀerent zones, i.e., softening zone I,
debonded zone II on the left interface, and softening zone III, elastic zone IV on the right interface appear on
the interface as shown in Fig. 1(h). Due to the truncation of stress distribution at the end of plate, the axial
force transferred to the FRP plate through interface drops quickly in this stage with the development of deb-
onding. As a result, the debonding propagates quickly and unstably in this stage until the FRP plate is fully
separated from the RC beam.2.2.1. Elastic–Elastic stage
In this stage, the bond-slip law is given by the third equation of Eq. (5). Substituting Eq. (6) into this equa-
tion yieldss ¼ sf
d1
u1  Y 1w01  u2  Y 2w02
  ð10ÞDiﬀerentiating both sides of Eq. (10) with respect to x givess0 ¼ sf
d1
u01  Y 1w001  u02  Y 2w002
  ð11ÞAn assumption used commonly in the literature (Smith and Teng, 2001; Rasheed and Pervaiz, 2002) is
adopted in this study, which states that the FRP plate and concrete beam have the same curvature, i.e.,w001 ¼ w002 ð12Þ
Substituting Eq. (12) and constitutive equation Eq. (1) into Eq. (4d) givesw001 ¼ 
M
D1 þ D2 þ
Y 1 þ Y 2
D1 þ D2 N 2 ð13ÞSubstituting Eq. (13) into Eq. (11) and considering Eq. (1), we obtains0 ¼ sf
d1
N 1
C1
 N 2
C2
þ Y 1 þ Y 2
D1 þ D2 ðM  ðY 1 þ Y 2ÞN 2Þ
 
ð14ÞDiﬀerentiating both sides of Eq. (14) with respect to x and considering equilibrium equation (4d) gives the
governing equation of shear stress along the FRP–concrete interfaces00 ¼ sf
d1
1
C1
þ 1
C2
þ ðY 1 þ Y 2Þ
2
ðD1 þ D2Þ
 !
b2sþ sfd1
Y 1 þ Y 2
D1 þ D2M
0 ð15Þof which solution can be expressed ass ¼ Dsþ sC ð16Þ
whereDs ¼
A1ek1x þ B1ek1x x < 0
A2ek1x þ B2ek1x x > 0
(
ð17aÞ
sC ¼ CsM 0 ð17bÞ
6656 J. Wang / International Journal of Solids and Structures 43 (2006) 6649–6664andk1 ¼ Ck
ﬃﬃﬃﬃ
sf
d1
r
; Ck ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2
1
C1
þ 1
C2
þ ðY 1 þ Y 2Þ
2
D1 þ D2
 !vuut ; Cs ¼ Y 1 þ Y 2ðD1 þ D2ÞC2k
Eq. (16) suggests that interfacial shear stress consists of two parts: (a) Ds which is the stress concentration in-
duced by the interfacial slip, and (b) sC which is the particular solution of Eq. (15) and essentially the inter-
facial shear stress if interfacial slip is neglected (i.e., FRP–concrete system is assumed as fully composite
beam).
The axial force of FRP plate can be obtained by integration Eq. (4a) and expressed asN 2 ¼ 
Z x
L1
b2ðDsþ sCÞdx ¼ 
Z x
L1S1
b2sC dxþ
Z L1
L1S1
b2sC dx
Z x
L1
b2Dsdx ¼ N 2C þ DN 2 ð18ÞwhereN 2C ¼
Z x
L1S1
b2CsM 0 dx ¼ b2CsM ð19aÞ
DN 2 ¼
Z x
L1
b2Dsdx b2CsM jx¼L1 ð19bÞObviously, N2C is the composite beam part of axial force of FRP plate and can also be obtained by treating
FRP–concrete system as fully composite beam. DN2 is the part of FRP axial forces caused by the interfacial
slip and can be easily obtained by substituting shear stress solution into Eq. (19b). For the sake of brevity, the
detailed expression of DN2 is not presented here.
To determine four integral coeﬃcients in the expression of shear stress (Eq. 17), the following boundary
conditions are used:s0jx¼L1 ¼
sf
d1
Y 1
D1
M

x¼L1
; s0jx¼L2 ¼
sf
d1
Y 1
D1
M

x¼L2
; N 2jx¼L2 ¼ 0 ð20ÞConsidering the displacement continuity conditions at the location of the ﬂexural crack, we haveu1jx¼0 ¼ u1jx¼0þ; w1jx¼0 ¼ w1jx¼0þ; u2jx¼0 ¼ u2jx¼0þ
w2jx¼0 ¼ w2jx¼0þ; w02jx¼0 ¼ w02jx¼0þ
ð21ÞTherefore,djx¼0þ  djx¼0 ¼ Y 1 w01jx¼0þ  w01jx¼0
  ¼ Y 1
Kr
M1

x¼0
ð22ÞMultiplying D1 on both sides of Eq. (13) givesM1jx¼0 ¼
D1
D1 þ D2 ðM jx¼0  ðY 1 þ Y 2ÞN 2jx¼0Þ ð23Þ
djx¼0þ ¼
d1
sf
ðA2 þ B2 þ sCjx¼0Þ; djx¼0 ¼
d1
sf
ðA1 þ B1 þ sCjx¼0Þ ð24ÞEqs. (20) and (22) provide necessary boundary conditions to determine four unknown coeﬃcients. The inter-
facial shear stress presented by Eq. (16) increases linearly with the applied load until reaches the shear strength
sf, i.e.sjx¼0 ¼ sf ð25Þ
Substituting Eq. (16) into Eq. (25), we can solve the elastic limit load under which the interface is still in E–E
stage.
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As assumed before, two regions, i.e., elastic zone I and softening zone II are formed on the left interface.
Similar to E–E stage, the interfacial shear stress of elastic region I is obtained ass ¼ A1ek1ðxþa1Þ þ B1ek1ðxþa1Þ þ sC ðx < a1Þ ð26Þ
where a1 is the size of softening zone on the left interface. The softening zone II is formed between the elastic
region and the transverse crack. In this region, by using the second expression of bond-slip law in Eq. (5), Eq.
(10) turns tos0 ¼ sf
df  d1 u
0
1  Y 1w001  u02  Y 2w002
  ð27Þ
Diﬀerentiating both sides of Eq. (27) with respect to x again, we haves00 ¼ sf
df  d1
1
C1
þ 1
C2
þ ðY 1 þ Y 2Þ
2
D1 þ D2
 !
b2s sfdf  d1
Y 1 þ Y 2
D1 þ D2M
0 ð28ÞThe solution of Eq. (28) readss ¼ C11 cosðk2ðxþ a1ÞÞ þ D11 sinðk2ðxþ a1ÞÞ þ sC ða1 6 x < 0Þ ð29Þ
wherek22 ¼
sf
df  d1
1
C1
þ 1
C2
þ ðY 1 þ Y 2Þ
2
D1 þ D2
 !
¼ d1
df  d1 k
2
1 ð30ÞNoting that only elastic zone III exists on the right interface, interfacial shear stress can be given by Eq. (17),
same as in E–E stage. Boundary conditions Eqs. (20) and (22) are used to determine unknown coeﬃcients.
However, the following modiﬁcation is needed:djx¼0 ¼ 
df  d1
sf
ðC11 cosðk2a1Þ þ D11 sinðk2a1Þ þ sCjx¼0Þ  df ð31ÞAlso, at x = a1, continuity conditions givesjx¼a1 ¼ sf sjx¼a1þ ¼ sf ; s0jx¼a1þ ¼ 
d1
df  d1 s
0

x¼a1
ð32ÞCombining Eqs. (20), (22) and (32), six unknown coeﬃcients and softening zone size a1 can be determined.
2.2.3. Elastic–Softening–Softening–Elastic stage
In this stage, there are two regions on the left interface, i.e., elastic zone I and softening zone II, same as in
E–S–E stage. Interfacial shear stress has the same expression as obtained in E–S–E stage. However, the right
interface also has two regions (softening zone III and softening zone IV) in this stage. Following the similar
approach as above, we can obtain interfacial shear stress of the right interface as:s ¼ C21 cosðk2ðx a2ÞÞ þ D21 sinðk2ðx a2ÞÞ þ sC ð0 < x 6 a2Þ ð33aÞ
s ¼ A2ek1ðxa2Þ þ B2ek1ðxa2Þ þ sC ðx > a2Þ ð33bÞTo determine unknown coeﬃcients, boundary conditions Eqs. (20) and (22), continuity condition Eq. (32) are
employed. Note that in Eq. (22), the following modiﬁcations are made:djx¼0 ¼ 
df  d1
sf
ðC11 cosðk2a1Þ þ D11 sinðk2a1Þ þ sCjx¼0Þ  df ð34aÞ
djx¼0þ ¼ df 
df  d1
sf
ðC21 cosðk2a2Þ  D21 sinðk2a2Þ þ sCjx¼0Þ ð34bÞ
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d1
df  d1 s
0

x¼a2þ
ð35ÞCombining Eqs. (20)–(22), (32) and (35), eight unknown coeﬃcients and softening zone size a1 and a2 can be
determined.
2.2.4. Elastic–Softening–Debonded–Elastic–Softening stage
When the maximum slip d of the left interface (at x = 0) reach df, a fully debonded region III begins to
initiate and develop on the left interface and the interface enters E–S–D–S–E stage. In debonded zone III,
interfacial shear stress is zero. Following the similar procedure described in the above section, the interfacial
shear stress of the left interface is obtained as:s ¼ A1ek1ðxþa1þd1Þ þ B1ek1ðxþa1þd1Þ þ sC ðx < a1  d1Þ ð36aÞ
s ¼ C11 cosðk2ðxþ a1 þ d1ÞÞ þ D11 sinðk2ðxþ a1 þ d1ÞÞ þ sC ða1  d1 6 x < d1Þ ð36bÞ
s ¼ 0 ðd1 6 x < 0Þ ð36cÞSame as in the E–S–S–E stage, the right interface has two regions. However, shear stress cannot be described
by the solutions in the previous stage. As demonstrated by ﬁnite element analysis (Wu and Yin, 2003), the
maximum force transferred from the RC beam to the FRP plate through interface layer drops slowly with
the development of debonded region in this stage. Actually, the maximum axial force of FRP plate reaches
its maximum at the end of E–S–S–E stage (or the beginning of E–S–D–S–E stage). At this point, the whole
left interface is mobilized to its maximum capacity to transfer axial force to the FRP plate. In E–S–D–S–E
state, the interface available to transfer force to FRP plate decreases due to the growth of fully debonded re-
gion. As a result, the maximum axial force of the FRP plate decreases with the propagation of debonding
along the left interface and the right interface is actually undergoing unloading.
Within the softening zone IV, unloading path is parallel to the initial stiﬀness as shown in Fig. 3. In this
region, shear stress is given bys ¼ s0  sfd1 ðd0  dÞ ð37Þwhere s0 and d0 are the interfacial shear stress and slip along the interface in zone IV at the end of E–S–S–E
stage and can be solved and expressed bys0 ¼ C210 cosðk2ðx a20ÞÞ þ D210 sinðk2ðx a20ÞÞ þ sC0 ¼ Ds0 þ sC0 ð38Þ
d0 ¼ df  df  d1sf s0 ð39Þwhere a20 is the softening zone size on the right interface at the end of the E–S–S–E stage. Diﬀerentiating both
sides of Eq. (37) twice and rearranging yieldsδ fδ1
τ
Kb
δ
Unloading/reloading
τ f
Fig. 3. Unloading path in softening zone.
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sf
d1
Y 1 þ Y 2
D1 þ D2M
0 þ s000 
sf
d1
d000 ð40ÞSolving Eq. (40) gives the shear stress in softening zone IV ass ¼ C21ek1ðxa20Þ þ D21ek1ðxa20Þ þ Ds0 þ sC ¼ Ds1 þ Ds0 þ sC ð41Þ
Shear stress in elastic zone V can be expressed by Eq. (33b). To determine unknown coeﬃcients in above shear
stress expressions, following boundary and continuity conditions are needed.
At x = a20, we havesjx¼a20þ ¼ sjx¼a20; s0jx¼a20 ¼ s00 
sf
d1
d00
 
x¼a20
þ s0jx¼a20þ ¼
df
d1
s00

x¼a20
þ s0jx¼a20þ ð42ÞCombining Eqs. (20)–(22), (32) and (42), eight unknown coeﬃcients and softening zone size a1 can be deter-
mined. Noting that in Eq. (22), the following modiﬁcation is employed:djx¼0 ¼ djx¼d1 þ
Z 0
d1
u01  Y 1w001  u02  Y 2w002
 
dx
¼ djx¼d1 þ
Z 0
d1
N 2
C1
 N 2
C2
þ Y 1 þ Y 2
D1 þ D2 ðM  ðY 1 þ Y 2ÞN 2Þ
 
dx
¼ df  d1 1C1 þ
1
C2
þ ðY 1 þ Y 2Þ
2
D1 þ D2
!
N 2
 
x¼0
þ Y 1 þ Y 2
D1 þ D2
Z 0
d1
M dx ð43aÞ
djx¼0þ ¼ df 
df  d1
sf
s

x¼0þ
þ d1
sf
ðs0  sÞ

x¼0þ
ð43bÞIn order to determine debonded region size d1, the following boundary condition is employed:sjx¼d1 ¼ 0 ð44Þ
At the end of the E–S–D–S–E stage, the interfacial slip of the whole left interface is greater than d1 and thus
no elastic zone exists on this side. Four diﬀerent zones, i.e., softening zone I, debonded zone II on the left inter-
face, and softening zone III, elastic zone IV on the right interface appear on the interface as shown in Fig. 1(h).
Interfacial shear stress and axial force of FRP plate are given bys ¼ C11 cosðk2ðxþ d1ÞÞ þ D11 sinðk2ðxþ d1ÞÞ þ sC ðx < d1Þ ð45aÞ
s ¼ 0 ðd1 6 x < 0Þ ð45bÞTo determine coeﬃcients and softening zone size, boundary and continuity conditions Eqs. (20), (22), (35),
(43) and (44) are used. Note that the ﬁrst equation in Eq. (20) turns tos0jx¼L1 ¼ 
sf
df  d1
Y 1
D1
M

x¼L1
ð46ÞOnce the interfacial slip increases further, the shear stress in the softening zone I drops quickly and the deb-
onding propagate quickly until the whole left interface is fully debonded.
2.3. Interfacial normal stress
To obtain interfacial normal stress, the adhesive layer is assumed always in linearly elastic stage in vertical
(normal) direction. Rabinovitch and Frostig (2001) have shown that the RC beam and FRP plate are in con-
tact in the vicinity of a ﬂexural crack. Therefore, a delamination ‘‘with contact’’ model is used in their study to
calculate the normal interfacial stress of a FRP reinforced RC beam with a ﬂexural crack. This assumption is
also adopted in this study, i.e., the FRP plate and RC beam are in contact during the whole debonding pro-
cess. In such a way, the interfacial normal stress is given by
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where Kn is the elastic stiﬀness of the interface layer and given by Ea/ha and Ea and ha are the Young’s modulus
and thickness of the adhesive layer, respectively.
The ﬁrst four order derivatives of Eq. (47) are obtained asr0 ¼ Kn w02  w01
  ð48Þ
r00 ¼ Kn w002  w001
  ¼ Kn M2D2 þ
M1
D1
 
ð49Þ
r000 ¼ Kn M
0
2
D2
þM
0
2
D1
 
¼ Kn  1D2 ðQ2 þ Y 2b2sÞ þ
1
D1
ðQ1 þ Y 1b2sÞ
 
ð50Þ
r0000 ¼ Kn  1D2 ðb2rþ Y 2b2s
0Þ þ 1
D1
ðb2r qþ Y 1b2s0Þ
 
ð51ÞRearranging Eq. (51) yieldsr0000 þ Knb2 1D1 þ
1
D2
 
r ¼ Knb2 Y 1D1 
Y 2
D2
 
s0  Knq ð52ÞTherefore, the interfacial normal stress is obtained asr ¼ ebxðE1i cosðbxÞ þ F 1i sinðbxÞÞ þ ebxðG1i cosðbxÞ þ H 1i sinðbxÞÞ þ r þ rC ð53Þ
whereb ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2Kn
4
1
D1
þ 1
D2
 
4
s
; rC ¼  b2Kn
b4
Y 1
D1
 Y 2
D2
 
CsM 00  D2b2ðD1 þ D2Þ q ð54Þwhere r* is the particular solution of Eq. (52) corresponding to the term of s and has diﬀerent expressions at
diﬀerent zonesr ¼
b2Kn
Y 1
D1
 Y 2D2
 	
b4 þ k41
Ds0 ðelastic zoneÞ ð55aÞ
r ¼
b2Kn
Y 1
D1
 Y 2D2
 	
b4 þ k42
Ds0 ðsoftening zoneÞ ð55bÞ
r ¼
b2Kn
Y 1
D1
 Y 2D2
 	
b4 þ k41
Ds01 þ
b2Kn
Y 1
D1
 Y 2D2
 	
b4 þ k42
Ds00 ðunloading softening zoneÞ ð55cÞTo determine the coeﬃcients in Eq. (55), following boundary and continuity conditions are used.
At the ends of FRP plate, we haver00jx¼L1;L2 ¼
Kn
D1
M

x¼L1;L2
; r00jx¼L1;L2 ¼
Kn
D1
Q
D1
þ b2 Y 1D1 
Y 2
D2
 
s
 
x¼L1;L2
ð56ÞAt the boundary of diﬀerent zones, r and ﬁrst three order derivatives of r are continuous. While at the loca-
tion of the ﬂexural crack, we haverjx¼0þ  rjx¼0 ¼ Knððw2  w1Þjx¼0þ  ðw2  w1Þjx¼0Þ ¼ 0 ð57aÞ
r0jx¼0þ  r0jx¼0 ¼ Knððw02  w01Þjx¼0þ  ðw02  w01Þjx¼0Þ ¼
Kn
Kr
M1

x¼0
ð57bÞ
r00jx¼0þ  r00jx¼0 ¼ Kn 
M2
D2
þM1
D1
  
x¼0þ
 M2
D2
þM1
D1
 
x¼0

¼ 0 ð57cÞ
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Y 1
D1
 Y 2
D2

s
 
x¼0þ
 Y 1
D1
 Y 2
D2

s
 
x¼0
 
ð57dÞ2.4. Debonding analysis with triangular bond-slip model
As aforementioned, triangular bond-slip law is an approximation and simpliﬁcation of bi-linear law if the
df  d1 is negligible compared with d1. In such a case, the whole debonding process only consists of two
stages: (a) Elastic–Elastic stage in which the whole interface is in elastic stage; and (b) Elastic–Debonded–
Elastic stage in which debonding initiates and propagates to one side of the crack (assuming left in this
paper).
2.4.1. Elastic–Elastic stage
The solution of interfacial stress and axial force of FRP plate are the same as the Elastic–Elastic stage when
bi-linear bond-slip model is used. It should be pointed out here k1 is replaced by kf ¼ Ck
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sf=df
p
.
2.4.2. Elastic–Debonded–Elastic stage
Similarly, we can obtain the expressions of shear stress in this stage ass ¼ Akf ðxþd1Þ1 þ B1ekf ðxþd1Þ þ sC ðx < d1Þ ð58aÞ
s ¼ 0 ðd1 6 x < 0Þ ð58bÞ
s ¼ A2ekf x þ B2ekf x þ sC ð0 < xÞ ð58cÞTo determine the four unknown coeﬃcients, boundary conditions Eqs. (20)–(22) are used. Caution should
be taken to calculate djx=0 in this case, which is given by Eq. (43). Debonded zone size d1 is determined
by Eq. (44).
2.5. Debonding analysis with linear damaging bond-slip model
Linear damaging bond-slip law is an approximation and simpliﬁcation of bi-linear law if d1 of the bond-slip
curve is negligible compared with df. Two stages of debonding are under examination in this section: (a)
Softening–Softening (S–S) stage in which no debonding initiates; and (b) Softening–Debonded–Softening
(S–D–S) stage in which debonding initiates and propagates from one side of the crack (assuming left in this
paper).
2.5.1. Softening–Softening stage
Interfacial shear stress readss ¼ sC ðx < a1Þ ð59aÞ
s ¼ ðsf þ sCjx¼a1Þ cosðkfðxþ a1ÞÞ 
1
kf
s0C

x¼a1
sinðkfðxþ a1ÞÞ þ sC ða1 6 x < 0Þ ð59bÞ
s ¼ ðsf  sCjx¼a2Þ cosðkfðx a2ÞÞ 
1
kf
s0C

x¼a2
sinðkfðx a2ÞÞ þ sC ðx > 0Þ ð59cÞwhere softening zone size a1 and a2 are determined by Eq. (22) and the continuity condition of FRP axial force
at the location of the crackðsf þ sCjx¼a1Þ sinðkfa1Þ 
1
kf
s0Cjx¼a1ðcosðkfa1Þ  1Þ
¼ ðsf  sCjx¼a2Þ sinðkfa2Þ 
1
kf
s0Cjx¼a2ðcosðkfa2Þ  1Þ ð60Þ
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To the left-side of the crack, interfacial shear stress is given ass ¼ sC ðx < a1  d1Þ ð61aÞ
s ¼ ðsf þ sCjx¼a1d1Þ cosðkfðxþ a1 þ d1ÞÞ
 1kf s0Cjx¼a1þd1 sinðkfðxþ a1 þ d1ÞÞ þ sC
ða1  d1 6 x < d1Þ ð61bÞ
s ¼ 0 ðd1 6 x < 0Þ ð61cÞ
To the right-side of the crack, interfacial shear stress is given by Eq. (59b). Softening zone size a1 and a2 are
determined by Eq. (22) and the continuity condition of FRP axial force at the location of the crackðsf þ sCjx¼a1d1Þ sinðkfa1Þ 
1
kf
s0C

x¼a1d1
ðcosðkfa1Þ  1Þ
¼ ðsf  sCjx¼a2Þ sinðkfa2Þ 
1
kf
s0C

x¼a2
ðcosðkfa2Þ  1Þ ð62Þ3. Deﬂection of the concrete beam
Integrating both sides of Eq. (13) yieldsw01 ¼ w01jL1S1 þ
1
D1 þ D2
Z x
L1S1
ðM þ ðY 1 þ Y 2ÞN 2CÞdxþ ðY 1 þ Y 2Þ
Z x
L1S1
DN 2 dxþ Dw010HðxÞ
¼ w01jL1S1 þ w01C þ Dw01 þ Dw010HðxÞ ð63Þ
where H(x) is the Heaviside function andw01C ¼
1
D1 þ D2
Z x
L1S1
ðM þ ðY 1 þ Y 2ÞN 2CÞdx; Dw01 ¼ ðY 1 þ Y 2Þ
Z x
L1S1
DN 2 dx
Dw010 ¼ 
1
Kr
D1
D1 þ D2 ðM jx¼0  ðY 1 þ Y 2ÞN 2jx¼0Þ
ð64ÞIntegrating both sides of Eq. (64) once again, we can obtain the deﬂection of the concrete beam asw1jx¼L2þS2 ¼ w1jx¼L1S2 þ
Z L2þS2
L1S1
w01jl1s1 þ w01C þ Dw01
 	
dxþ Dw010ðL2 þ S2Þ ð65ÞConsidering the boundary conditions of simple support, we havew1jx¼L1S1 ¼ 0; w1jx¼L2þS2 ¼ 0 ð66Þ
Hencew01jx¼L1S1 ¼ 
R L2þS2
L1S1ðw01C þ Dw01Þdxþ Dw010ðL2 þ S2Þ
L
ð67ÞSubstituting Eq. (67) back into Eq. (66), deﬂection of the beam is therefore written asw1 ¼ w1C þ Dw1 ð68Þ
wherew1C ¼ xþ L1 þ S1ðD1 þ D2ÞL
Z L2þS2
L1S1
Z x
L1S1
ðM þ ðY 1 þ Y 2ÞN 2CÞdxdx
þ 1
D1 þ D2
Z x
L S
Z x
L S
ðM þ ðY 1 þ Y 2ÞN 2CÞdxdx ð69aÞ
1 1 1 1
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Z L2þS2
L1S1
Z x
L1S1
DN 2dxdxþ
Z x
L1S1
Z x
L1S1
DN 2dxdx
 
 w
0
10ðL2 þ S2Þ
L
ðxþ L1 þ S1Þ þ w010HðxÞx ð69bÞEq. (68) suggests that the concrete beam deﬂection consists of two parts, i.e., w1C from the composite beam
deformation assuming perfect bonding between FRP and concrete and no crack in the concrete beam. The
second part Dw1 is due to the crack opening and the slip along the FRP–concrete interface.4. Conclusion
In this study, a cohesive zone model is established to analyze the IC debonding failure of FRP-plated con-
crete beam which uniﬁes the whole process of debonding into one model. Three diﬀerent bond-slip relation-
ships are employed to model the FRP–concrete interface. By using a bi-linear bond-slip law, debonding
process is divided into ﬁve stages, i.e. E–E, E–S–E, E–S–S–E, E–S–D–S–E, and S–D–S–E. Closed-form solu-
tions of interfacial shear and normal stresses, and the deﬂection of the concrete beam are obtained for each
stage. By using a triangular bond-slip model, debonding process is divided into E–E and E–D–E stages. In
the case of linear-damaging model, debonding process is also divided into two stages: S–S and S–D-S.
Closed-form solutions of interfacial stress and deﬂection of the concrete beam, are obtained also. The cohesive
zone model proposed in this study provides an eﬃcient and eﬀective way to analyze general FRP–concrete
interfacial debonding process.Acknowledgement
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